Two suboptimal data assimilation schemes for stable and unstable dynamics are introduced. The rst scheme, the partial singular value decomposition lter, is based on the most dominant singular modes of the tangent linear propagator. The second scheme, the partial eigendecomposition lter, is based on the most dominant eigenmodes of the propagated analysis error covariance matrix. Both schemes rely on iterative procedures like the Lanczos algorithm to compute the relevant modes.
Introduction
A number of recent studies have made clear that rapid error growth in regions of baroclinic and barotropic instability is nonmodal, and therefore can generally be explained by the singular values and singular vectors, rather than the eigenvalues and eigenvectors, of the tangent linear dynamics (Farrell 1989; Trefethen et al. 1993; Moore and Farrell 1994) . Modern four-dimensional (4D) data assimilation methods, such as 4D variational algorithms and nonlinear Kalman lter (KF) schemes, o er the potential to exploit this fact through their direct use of the tangent linear dynamics. Such methods would assign more weight to observations in unstable regions than those in more quiescent regions, all else being equal.
It is well known that practical implementation of Kalman lter schemes requires sensible approximation. Evaluation of several possible approximations, known as suboptimal schemes (SOS's), was carried out by Todling and Cohn (1994; TC94 hereafter) for a stable 2D linear barotropic model. Results were encouraging for this highly idealized model. However, when these SOS's were evaluated recently for a barotropically unstable version of that model, we found that all these schemes failed to capture the instability, and generally diverged. On the other hand, Todling and Ghil (1994) have shown that the complete KF is well{behaved in the presence of instability, even when the number of observations is very limited. This motivates the need for more reliable approximations to the KF.
The purpose of this paper is to formulate and evaluate three approximations potentially capable of handling non{normal, unstable, linear and nonlinear dynamics. Results with a linear, barotropically unstable model are reported here (see also Cohn and Todling 1995) . One scheme, which we call the reduced resolution lter (RRF), calculates the complete forecast/analysis error covariance evolution according to the standard KF equations, but at a resolution lower than that of the model that evolves the state. The resulting Kalman gain is then interpolated to the model grid and the analysis proceeds as usual. Other reduced resolution lters have been studied by Le Moyne and Alvarez (1991) and by Fukumori and Malanotte{Rizzoli (1995) .
The other two schemes are new. The rst one, called the partial singular value decomposition lter (PSF), utilizes a partial singular value decomposition (SVD) of the tangent linear dynamics between consecutive observation times: the tangent linear -3-propagator is approximated by the leading part of its SVD. This scheme assumes that most of the propagated analysis error covariance is due to a small collection of the model's most rapidly growing (\leading") singular modes. It has much in common with ensemble forecasting schemes based on similar ideas (Toth and Kalnay 1993, Molteni et al. 1994) . While this will be seen to be a powerful assumption, it does neglect the fact that the propagated analysis error covariance could also be large in more stable, quiescent regions, where too few observations have been available in the recent past to reduce analysis errors.
Our second scheme, called the partial eigendecomposition lter (PEF), generalizes the PSF in an attempt to more fully account for the dependence of the propagated analysis error covariance matrix upon the observations themselves. Rather than calculating a partial SVD of the tangent linear dynamics, the PEF calculates a partial eigendecomposition of that portion of the forecast error covariance matrix that arises from the propagation of the previous analysis error covariance matrix by the complete tangent linear dynamics and its adjoint. The propagated analysis error covariance is then replaced by the leading part of this decomposition. A scheme similar in spirit to the PEF has been proposed by Courtier (1993) as a means of cycling 4D variational algorithms. That scheme employs a partial eigendecomposition of the analysis error covariance matrix (inverse of the Hessian of the cost function) itself. Such an eigendecomposition has been investigated independently by Sheinbaum (1995) as an approach to error analysis in 4D variational methods. A square{root implementation of another PEF{like scheme, without the adaptive tuning described below, has been suggested by Verlaan and Heemink (1995) .
In their simplest versions, the schemes studied here | RRF, PSF and PEF | are all low{rank approximations of the full KF. In the analysis step of any low{rank approximation, the only errors that can be reduced by the observations are those that lie in the space spanned by the approximate low{rank forecast error covariance matrix. Errors not in that space cannot be reduced, and in fact can grow in the case of unstable dynamics, or in the presence of model error. We therefore enhance the performance of these schemes by incorporating an additive \trailing" error covariance matrix, resulting in a full rank approximation of the forecast error covariance matrix. The magnitude of -4-the trailing covariance matrix is tuned adaptively, according to the scheme suggested by Dee (1995) .
In sections 2 and 3 we describe brie y the PSF and PEF, respectively. Numerical results are reported in section 4 and conclusions drawn in section 5.
The partial singular{value{decomposition lter (PSF)
The forecast error covariance evolution equation for the linear KF, the nonlinear extended KF and second{moment closure nonlinear KF is given in discrete form by The singular values, or elements of the n n diagonal matrix D, are real and nonnegative. A Lanczos algorithm (e.g., Golub and Van Loan 1989) can be used to calculate e ciently just some number L of the largest (\leading") singular values, entered into an L L diagonal matrix D L , along with the corresponding left and right singular vectors, forming n L matrices U L and V L , respectively.
Having done so, write (2.2) as
is a partial SVD of the propagator, and the \trailing" error covariance T k;k?`c an be written explicitly as the sum of three terms: An alternative to approximating the propagated analysis error covariance matrix is to approximate the analysis error covariance matrix itself, as suggested by Courtier (1993) and studied independently by Sheinbaum (1995) approximates directly the dominant part of the propagated analysis error covariance between two consecutive analyses, while in the latter the dominant part of the analysis error covariance itself is approximated and then evolved between two consecutive analyses. Which of these is more appropriate in a cycled assimilation scheme is not known and will not be explored in this article. It is apparent, however, that the cost of this alternative is comparable to that of the PEF described by (3.2), for xed L.
The simplest PEF scheme takes T 0
). An alternative model is introduced in the following section, and yet a third possibility has been evaluated by Cohn and Todling (1995) .
Numerical experiments a. MODEL AND ASSIMILATION SETUP
To evaluate the schemes described in the previous sections we employ the performance analysis technique described in TC94, along with a modi cation of the two{dimensional, linear shallow{water model utilized there. The modi ed model is barotropically unstable: it is linearized about a meridionally{dependent squared{hyperbolic secant jet (Bickley jet; Haltiner and Williams 1980, p. 75) given by
where L y = 3000 km is the meridional extent of the model domain, U 0 = 20 ms ?1 and U 1 = 12:5 ms ?1 . A choice of L 0 = 2000 km is small enough to provoke instability, given that = 1:82 10 ?11 m ?1 s ?1 . This is illustrated in Fig. 1 , where the velocity pro le is displayed in panel (a) and the gradient ? U yy of the absolute vorticity pro le is displayed in panel (b): the absolute vorticity gradient vanishes within the domain as required for instability to occur (Pedlosky 1987, p. 505) . Todling and Ghil (1994) showed, for a similar problem, that observations within the strongest part of the jet are more e cient in reducing analysis errors than observations outside the jet, when the KF is used. In all assimilation experiments performed here, we use an observing network extracted from the radiosonde network of TC94. To create a -8-stringent test, as shown in Fig. 2 we take 12{hour height and wind observations only from those radiosondes positioned outside the zonal band extending from 31.5 o N to 43.5 o N, where the jet is most intense; parallel lines in Fig. 1 (a) delimit this region. The assumed observation error variances are those of TC94. Also, to isolate the e ect of approximating the propagated analysis error covariance we make the perfect model assumption, so that Q k;k?`= 0 at all times. The model takes 9 time steps per hour, so that the 12{hour propagator is k;k?`= `= 108 , being the single time step unstable dynamics matrix.
Except for experiments in which we take the trailing error covariance to vanish identically, we use here an intentionally crude model for the trailing error covariance matrix analogous to the model error covariance matrix of Cohn and Parrish (1991) . We with the subscripts S and F referring to the slow and fast eigenvectors, respectively. The spectrumT S is chosen in such a way that the hh correlations are roughly Gaussian in physical space; it is identical to the Cohn and Parrish (1991) model error spectrum. Notice that the only time dependence in the model (4.2) for the trailing error covariance comes from the tuning of the parameter `.
-9-b. THE UNSTABLE DYNAMICS CASE 1) PERFORMANCE OF THE TC94
SCHEMES
Before evaluating the performance of the schemes developed in sections 2 and 3, we evaluate the behavior of one of the schemes studied in TC94, namely the balanced{ simpli ed Kalman lter (balanced{SKF), but now for the unstable dynamics case. Among all the suboptimal schemes in TC94, this one had the best performance for stable dynamics. Recall that this scheme consists of advection of the height{height error covariance matrix and a dynamically{balanced cross{covariance generation of the wind{height and wind{wind cross{ and auto{covariances. The advective speed (4.1) is a function of latitude and the balanced{SKF for the unstable case uses this expression for advecting the height{height error covariance. We start the experiment from an almost asymptotic analysis error covariance matrix obtained from a prior KF run taken up to 10 days. Fig. 3 shows the domain{averaged, expected root{mean{square (ERMS) error in the total energy, in relative units, for two SKF runs. The exploding, unlabeled curve is the result from the balanced{SKF, and the curve labeled T corresponds to a balanced{SKF run in which we attempt to account for the SKF approximation imperfections by adding to the propagated error covariance matrix the covariance matrix de ned in (4.2). The parameter `i s tuned adaptively using the technique of Dee (1995) . The KF result is also shown in the gure by the curve labeled KF, and is seen to be in an almost periodic steady state.
The balanced{SKF is unable to prevent the estimation errors from growing in this unstable dynamical system. This is a consequence of the fact that the SKF uses incorrect dynamics, which accounts for advection but has no knowledge of the unstable behavior of the system. Evidently the divergence term in the continuity equation, neglected by the SKF, is important in the unstable case. The adaptive balanced{SKF, on the other hand, does recognize some of the unstable nature of the system, since it uses the innovation vectors explicitly, although it still diverges. This adaptive result, however, depends on the realization and should be interpreted with caution. In any case, other experiments (not shown) have demonstrated that the qualitative behavior of the -10-adaptive scheme is the same for di erent realizations. The failure of these schemes is the motivation behind developing the schemes described in sections 2 and 3.
2) PERFORMANCE OF THE PSF
The linearity of the dynamical model under consideration and the xed interval (12 hours) between analysis times allows us to compute the singular values/vectors of the 12{hour propagator o {line and store them for use in the data assimilation experiments. For large{scale nonlinear dynamics the SVD would have to be performed iteratively, for the rst few singular vectors, using a Lanczos{type algorithm at each analysis time. The singular values/vectors would be state{dependent, to the same extent that the tangent linear propagator and its corresponding adjoint would be state{dependent.
For our unstable shallow{water dynamics, the singular values of the slow propagators de ned by setting to zero the elements of^ in (4.3) corresponding to Z F in (4.4)] for four di erent time intervals t k ? t k?`a re displayed in To study the PSF approximation, rst we examine the 12{hour forecast error covariance starting from the almost asymptotic analysis error covariance obtained after 10 days of data assimilation with the KF, as described above. as discussed in section 2, and in fact contribute little to the total variance. Numerical con rmation of the trace property in (2.7) is obtained to machine precision when summing the values of the eld in panel (e) over all grid points. This result suggests that modeling the trailing covariance will be an important step in the PSF algorithm, since the leading part is a signi cant underestimate of the total error variance eld, at least with L = 10, while modeling the leading/trailing cross{covariance may be unnecessary. Table 1 shows the percentage error in the total energy eld accounted for in 12{ hour forecasts performed using the PSF with di erent values of L, starting again from the 10{day KF analysis error covariance. The entries in the table are the domain{ averaged forecast errors in the total energy obtained by the PSF for L = 10; 20; ; 100, normalized by the same quantity obtained using the full KF computation. Only 44.1% of the total error variance is accounted for with 10 modes (see panel (c) of Fig. 5 ). However, a considerable jump is seen from 50 to 70 modes, with 88.1 % of the error variance being accounted for by 70 modes. This indicates that including at least all singular vectors with singular values larger than or equal to unity (54 here) is important. This will be evident in the experiments to follow. Fig. 6 shows the performance of four suboptimal runs utilizing the PSF. These runs again start from the almost asymptotic analysis error covariance obtained from the 10{ day KF run. The domain{averaged forecast/analysis ERMS errors in the total energy -12-for the subsequent 10{day assimilation period are displayed in the gure. The top{ most curve, labeled 10, gives the performance for a PSF experiment using only the rst L = 10 singular values/vectors in computing the leading error covariance matrix and no modeling of the trailing error covariance (T k;k?`= 0). The PSF with so few singular vectors and no accounting for the trailing error covariance is unstable, with variances growing without bound. The corresponding KF result is shown as the unlabeled (lowest) curve for comparison. The curve labeled 36 gives the PSF result when the rst L = 36 singular vectors are used, again with T k;k?`= 0. These singular vectors correspond to all of those with singular values larger than one (see Fig. 4(a) ). The ERMS curve in this case indicates that this PSF is still slightly unstable (veri ed with a run to 20 days). The curve labeled 54 refers to the PSF experiment using all 54 singular modes with singular values larger than or equal to unity. A 20{day run showed this to be a stable case with error variances kept bounded. The performance of the PSF with 54 modes is comparable to that of the KF.
From the results in Fig. 5 , we have seen that modeling the trailing error covariance matrix may be important in the PSF algorithm. In Fig. 6 the curve labeled 10T shows the ERMS error evolution for the same PSF experiment indicated by the curve labeled 10, but with a trailing error covariance matrix modeled as described in (4.2), the magnitude parameter `b eing estimated adaptively during the experiment. The result is much improved in comparison with the one obtained when the trailing error covariance is ignored, but the ERMS error still grows. While this adaptive result has to be interpreted with caution, additional realizations (not shown) indicated no qualitative di erences. Moreover, adaptively tuning the trailing error covariance model for the PSF with L = 36 or 54 modes (results not shown) did not yield any signi cant improvement over the untuned results displayed in Fig. 6 . This leads to the conclusion that accounting for all singular vectors with singular values larger than or equal to unity is more important than our simple accounting for the trailing error covariance.
3) PERFORMANCE OF THE PEF
By analogy with looking rst at the singular values of the propagator for the PSF scheme, we now examine the spectrum of eigenvalues of a forecast error covariance matrix, to clarify the approximation made by the PEF scheme. Fig. 7 shows two covariance spectra from a KF run. Only 325 eigenvalues are shown since this is the -13-number of slow modes in our unstable model. The remaning eigenvalues are all zero, as explained in Cohn and Parrish (1991) . The solid line is for the initial analysis error covariance used to start the KF run, and the dash{dotted line is for the forecast error covariance at 10.5 days. The important feature to notice from the gure is that the forecast error covariance spectrum has only about 10 signi cantly nonzero eigenvalues. A PEF approximation could be aimed toward capturing only these rst few modes. Table 2 is analogous to Table 1 and it shows, starting from the 10{day KF run analysis error covariance, the percentage of forecast error variance explained by the rst L = 10; 20; ; 100 eigenmodes of S f k at 10.5 days, corresponding to a 12{hour forecast with the PEF. That is, the table displays the ratio of the sum of the rst L eigenvalues to the sum of all 325 nonzero eigenvalues. It is clear that most of the variance is explained by relatively few eigenmodes. When compared to the results in Table 1 for the PSF, we see the PEF capturing more variance with fewer modes. Moreover, the amount of variance explained by the PEF increases smoothly with the number of modes L.
In Fig. 8 we plot maps of the 12{hour forecast error variance in the energy density eld obtained by keeping L = 10, 36 and 54 modes in the PEF scheme. The initial analysis error covariance is the same used to produce the maps in Fig. 5 , that obtained at the end of a 10{day assimilation experiment using the KF, the corresponding variance map being shown in Fig 5(a) . There is little di erence among all three maps in Fig. 8 , as one might expect from Table 2. The maps in Fig. 8 also agree rather well with the exact result displayed in Fig. 5(b) . There is, however, a striking di erence between Fig. 8(a) for the PEF with L = 10 eigenmodes and Fig. 5(c) for the PSF with L = 10 singular modes. The PEF captures much more error variance than the PSF for xed L, at similar cost. This also indicates that accounting for the trailing part in the PEF might be less important than in the PSF. Fig. 9 shows the performance evaluation for the PEF starting from the 10{day KF result, to be compared with Fig. 6 for the PSF, discussed in section 4b.2. Results for the PEF with L = 10 and 36 are indicated in Fig. 9 by the corresponding labels. The KF result (unlabeled) is also displayed, and almost coincides with the PEF result using 36 modes. Adaptive tuning of an additive error covariance matrix to account for the -14-trailing part has shown no singni cant improvement over these results. In contrast to the PSF result with 36 singular vectors, the PEF result with 36 modes does not diverge.
Experiments performed with the alternative PEF{type scheme described in section 3 (not shown) produced results very similar to those just discussed. A full comparison between these two schemes, for example documenting the in uence of observation frequency and pattern, has not yet been carried out.
4) NON-STEADY STATE INITIAL

COVARIANCE
The results of the previous subsections all started from an almost asymptotic analysis error covariance matrix. Here we study the more transient behavior of the PSF and PEF when the assimilation starts from an initial error covariance matrix similar to that of TC94. The modal structure of this covariance matrix is de ned by (4.2), with a prescribed multiplicative parameter.
In addition to the PSF and PEF schemes, we also evaluate the performance of a reduced resolution lter (RRF), in which the covariances are evolved at a lower resolution than that used to evolve the state vector. This covariance evolution di ers from that of Fukumori and Malanotte{Rizzoli (1995) in that it uses directly a coarse{ grid discretization of the governing di erential equations. The RRF scheme produces a gain matrix at low resolution which is interpolated using cubic splines (spline interpolant with periodic boundary conditions in the east{west direction and an Akima spline in the north{south direction) to the full resolution of the model. These full resolution gains are then initialized by using the energy{projector described in TC94 to lter out gravity waves introduced by the interpolation. The initialized gains are used to update the state vector and to compute the actual analysis error covariance matrices for the performance analysis. The full model resolution is 25 16, and in the experiments to follow we vary the resolution in the meridional direction while keeping the resolution in the zonal direction at approximately half of the original resolution, i.e., 13 grid points. Varying the meridional resolution is a more signi cant change due to the meridional dependence of the basic state velocity pro le, and the resulting dependence of the instability properties of the model on the resolution. The computational expense of the RRF, relative to that of the full KF, is about (m=n) 2 , m being the number of degrees of freedom of the reduced resolution dynamics.
-15- Fig. 10 shows the ERMS error in the total energy for the KF, the RRF with 13 12 resolution, the PSF with L = 10, and the PEF with L = 10. All the SOS's perform poorly, and in fact diverge. The RRF performs reasonably well for a short time, but ultimately does not prevent the growth of unstable modes because, as we shall see later, it cannot resolve them (see also Yanai and Nitta 1968) . Its cost greatly exceeds the cost of the PSF and PEF in this case. The PSF and PEF behave similarly to each other for the rst few days, with the latter performing slightly better than the former, but as time progresses they are unable to prevent the unstable modes from growing, the PSF analyses ultimately being worse than the PSF forecasts. Examination of the curves S10 and E10 shows that the PEF makes much better use of the observations than does the PSF, which shows no impact of the observations during most of the 10{day period.
In Fig. 11 we show results analogous to those of Fig. 10 , but with increased RRF resolution and number of modes kept in the PSF and PEF. The RRF now has resolution 13 16. The PSF retains 54 singular modes, which includes all those with singular values larger than or equal to one (see Fig. 4 ), and the PEF computes 54 eigenmodes, which in the almost asymptotic KF regime would account for about 65% and 88% of the total variance in the energy (see Tables 1 and 2 ), respectively. The KF result (unlabeled bottom curve) is also plotted as a basis for comparison. The most striking result is the performance of the RRF, which is now extremely close to that of the KF itself. This RRF has the same meridional resolution as the underlying model, though half the zonal resolution, and therefore resolves the unstable jet fully. Contrary to the behavior presented in Fig. 10 , both the PSF and the PEF are now stable. For the PSF, this indicates once again that accounting for all growing and neutrally stable modes is fundamental for its stability; for the PEF, it is not clear what criterion determines its stability properties. The PSF performs better than the PEF at 10 days, although the transient behavior (up to 5 days) of the PEF is better than that of the PSF. The transient behavior may be more important than the long{term behavior in nonlinear systems. The behavior of these schemes is considerably more complex than what Tables 1 and 2 seem to suggest, when the approximations are employed recursively in assimilation cycles.
Next, we compare all three SOS's with adaptive tuning. In the case of the PSF and PEF we take the trailing part to be the covariance matrix described previously, with magnitude adaptively tuned. In the RRF case, we add to the propagated error covariance a similar \trailing" covariance matrix but generated at the resolution of the RRF. Its magnitude is also adaptively tuned. Fig. 12 displays the results obtained for the same three SOS's of Fig. 10 , but with adaptive tuning. The KF result is shown once again for reference. Comparing Fig. 12 with Fig. 10 shows that adaptive tuning improves the performance of all the schemes dramatically, although the RRF and PSF still diverge. As in Fig. 10 , the PEF shows the best performance, but now its errors are kept bounded. In fact, the performance of the adaptively tuned PEF is fairly close to that of the full KF. It is also far superior that of the non{adaptive PEF with 54 modes (see Fig. 11 ).
c. THE STABLE DYNAMICS CASE
The motivation for developing the PSF and PEF algorithms was the failure of the SOS's introduced in TC94 for the present unstable dynamical model. Thus one question left to be answered is whether these new schemes also perform appropriately for stable dynamics. In this section we return to the TC94 dynamics, of a shallow water model linearized about a constant velocity pro le for which U 0 = 25 ms ?1 and U 1 = 0 in (4.1). We start the assimilation runs here using the initial error covariance matrix of TC94, but we use the observation network introduced in section 4a. The runs are all taken up to 10 days.
In Fig. 13 we show the performance analysis results, analogously to Figs. 10{12, for three di erent approximate schemes and compare them against the corresponding KF result. The SOS's used are the PSF with 36 singular vectors, the PEF with 36 eigenvectors, the RRF with 13 12 resolution, and the balanced{SKF, all labeled accordingly in the gure. The unlabeled curve refers to the KF result. There are no surprises here, in view of the corresponding results for the unstable dynamics case shown in Fig. 11 . All the schemes perform roughly as well as they did in the unstable case, with the exception of the balanced{SKF, which diverged in the unstable case but has the best performance in the stable case. The schemes are all stable, in contrast to some of the SOS's tested in TC94.
No trailing part is taken into account in the results of Fig. 13 . In Fig. 14 we show results for the tuned PSF and PEF, with 36 singular vectors and eigenvectors, respectively. We also show the RRF result at 13 16 resolution, as well as the KF result. The -17-RRF uses no tuning since this gave no signi cant improvement over the untuned experiment. The tuned SKF also gave no improvement over the untuned SKF, and is not shown in Fig. 14. Comparison with Fig. 13 indicates that the 13 16 RRF has better performance than the SKF, although the RRF with this resolution involves more computation than the SKF. The PSF and PEF results are substantially improved over the untuned results. They also present better performance than the RRF with 13 12 resolution, and are about equal in performance with the SKF. However, no SOS matches the performance of the RRF with complete meridional resolution, as was also the case for unstable dynamics.
Conclusions
We have introduced two new approximate schemes for error covariance propagation in the Kalman lter, namely the partial singular value decomposition lter (PSF) and the partial eigendecomposition lter (PEF). We have studied their performance for a barotropically unstable model, and compared their performance against that of the full Kalman lter as well as a reduced resolution lter (RRF). Based on the experiments conducted here, our main conclusions are as follows.
The RRF diverges unless it fully resolves the barotropic instability, in which case it performs quite well.
The PSF must account for all modes with singular values larger than or equal to unity, for otherwise the PSF diverges.
A stability criterion for the PEF in the absence of adaptive tuning is not obvious, although with adaptive tuning the PEF is stable and performs well with very few modes retained.
In most cases, adaptive tuning enhances the performance of all three schemes considerably; in very few cases, it makes no signi cant improvement.
An adaptively tuned PEF, perhaps combined with the RRF idea, shows promise for practical implementation with large{scale, nonlinear models. The fraction of propagated analysis error variance it accounts for directly could be calculated through a randomized trace estimation scheme (Girard 1991) . Considerable e ort would have to be undertaken to learn how best to approximate the trailing error covariance.
-18-One great advantage of both the PSF and the PEF is that they only require operation of the analysis error covariance on a limited number of vector quantities, thus avoiding the need for calculating the entire analysis error covariance matrix. The Physical{ space Statistical Analysis System (da Silva et al. 1995) is being designed to provide the necessary operator for either one of these schemes. Fig. 6 , but starting from a di erent initial error covariance, for the reduced resolution lter (RRF) at 13 12 resolution, the PSF with 10 singular modes (S10) and the PEF with 10 eigenmodes (E10). The KF result is shown for comparison. FIG. 11 . As in Fig. 10 , but for the RRF at 13 16 resolution, the PSF with 54 singular modes (S54) and the PEF with 54 eigenmodes (E54). The bottom curve is for the KF result. FIG. 12. As in Fig. 10 , but with adaptively estimated trailing error covariance magnitude. The bottom curve is for the KF result.
-25-FIG. 13. As in Fig. 11 , but for stable dynamics. RRF here refers to a 13 12 resolution, and the SKF result is also displayed. The bottom, unlabeled curve is for the KF result. FIG. 14. As in Fig. 13 , but including adaptive tuning of the trailing error covariance for the PEF and PSF algorithms. An RRF run with 13 16 resolution is also shown, with no tuning. The bottom, unlabeled, curve is for the KF result. -31- Figure 6 : Performance of the partial singular value decomposition lter (PSF): Curves are forecast/analysis expected root{mean{square (ERMS) errors in the total energy, computed from the performance analysis equations (TC94). Curve labeled 10 is the result from a PSF experiment with ten leading singular vectors; curve labeled 10T is for an identical experiment but including a trailing error covariance model with adaptively tuned magnitude; and curves labeled 36 and 54 are for the untuned PSF experiments including 36 and 54 singular vectors, respectively.
-32- Figure 7 : Spectra of error covariances. Solid curve is for the initial analysis error covariance matrix used to start the KF run; the dash-dotted curve is for the forecast error covariance at 10.5 days. Eigenvalues are normalized by 10 6 .
-33- Fig. 6 , but for the PEF. Curve labeled 10 is the PEF result using the rst L = 10 eigenmodes, while the one labeled 36 includes the rst L = 36 eigenmodes. The KF curve is also shown, nearly superimposed on the L = 36 PEF result.
-35- Figure 10 : As in Fig. 6 , but starting from a di erent initial error covariance, for the reduced resolution lter (RRF) at 13 12 resolution, the PSF with 10 singular modes (S10) and the PEF with 10 eigenmodes (E10). The KF result is shown for comparison.
-36- Figure 11 : As in Fig. 10 , but for the RRF at 13 16 resolution, the PSF with 54 singular modes (S54) and the PEF with 54 eigenmodes (E54). The bottom curve is for the KF result.
-37- -38- Figure 13 : As in Fig. 11 , but for stable dynamics. RRF here refers to a 13 12 resolution, and the SKF result is also displayed. The bottom, unlabeled curve is for the KF result.
-39- Figure 14 : As in Fig. 13 , but including adaptive tuning of the trailing error covariance for the PEF and PSF algorithms. An RRF run with 13 16 resolution is also shown, with no tuning. The bottom, unlabeled, curve is for the KF result.
-40-
